Liver biliary secretion influences the content of radioactive contaminants in feces. To assess the reliability of plutonium metabolic models and to improve the accuracy of interpreting plutonium fecal data, we developed a compartmental model that simulates the metabolism of plutonium in humans. With this model we can describe the transport of plutonium contaminants in the systemic organs and tissues of the body, including fecal and urinary excretions, without using elaborate kinetic information.
INTRODUCTION
Monitoring 239 Pu presents a problem because most routine monitoring techniques cannot quantify an activity content of 600 Bq in the body, which is the annual limit on intake of long-lived, Class Y, plutonium isotopes (i.e., 239 Pu and 240 Pu) recommended by International Commission on Radiological Protection (ICRP 1978) . After the recommendations in ICRP Publication 60 (1991a), the limit of plutonium intake is further reduced by a factor of 2 (ICRP 1991b) . Routine monitoring for plutonium intakes is generally based on urinalyses, if the sensitivity of low-level plutonium measurement is adequate (Sun et al. 1995; 1997; Wrenn et al. 1994) . The fecal bioassay can assess the intake of plutonium relatively independent of the time of an intake due to the small f 1 value (ICRP 1986; 1994) , i.e., the fraction absorbed from the small intestine to blood. The National Council on Radiation Protection and Measurement (NCRP) Publication 87 (1987) indicated that the data on plutonium contamination in fecal specimens can be as useful as those obtained from urinary specimens for intake monitoring and for assessing corresponding internal dose. Moreover, a reliable fecal-excretion function could add much of advantage in quantifying plutonium content in an early intake and could prevent further such plutonium intake as for the environmental safety and health implications (Eakin and Morgan 1964; Bihl et al. 1993; Clarke et al. 1996) .
In a 1945 study (Langham 1956; Langham et al. 1980) , colloidal plutonium nitrate was injected intravenously to individuals. Daily urine and fecal specimens were collected and analyzed for the following 138 days. These results provide important information on plutonium retention and excretion for the following reasons: (1) humans were used, (2) known amounts of plutonium were administered, and (3) samples were collected properly. Many excretion models have since been developed, yet few include the fecal component. Unfortunately, the limitation of both Langham=s urinary and fecal excretion functions are inadequate for predicting any long-term intakes (Rundo et al. 1976; ICRP 1988; Parkinson and Henley 1981) . Similarly, the Durbin=s (1972) fecal function is also limited due to its rapid decrease of plutonium in the body, which could result in a large overestimation of plutonium intake and be associated with undue internal doses (ICRP 1988) .
To improve both accuracy and reliability of bioassays, we developed a time dependent fecal-and urinaryexcretion functions for our proposed plutonium model based upon human physiology configurations. A systemic whole-body retention function (SWBRF) of multi-exponential terms was the only requirement to derive these excretion functions. These excretion functions, as an example, with its descriptive translocation rate constant (TRC) values, were derived from Leggett=s (1984; plutonium SWBRF, which was presented in his report.
MATHEMATICAL METHODS AND ALGORITHM USED
Compartmental Analysis and a Generalized Mammillary Model Fig. 1 represents a general mammillary model with an arbitrary number of compartments, M; there is one central compartment and M-1 peripheral compartments (Jacquez 1985) . The central compartment often is associated with blood plasma or extracellular fluid and peripheral compartments are associated with an organ or tissue in the body. The bi-directional transport capability of the blood, central compartment, represents vascular blood flow from the heart to all areas of the body.
Peripheral compartments are associated the physical and chemical properties of the contaminant in the body where the contaminant will be retained (e.g., liver, bone, or soft tissues). The numbers of peripheral compartments are determined from the number of organs and tissues involved in metabolizing of the contaminant. Each peripheral compartment has a set of input and output pathways connected to and from the central compartment. Besides these, one pathway can be included to describe direct elimination from the systemic to excretion compartment.
The mass balance of all compartments are based on the equation of continuity for an isothermal system (Bird et al. 1960) ; i.e., the rate of mass accumulation in a compartment is equal to the rate of mass input less the rate of mass output. For mathematical simplicity, the transport and excretion of the contaminant are governed by first-order kinetics (Levenspiel 1972) : The instantaneous rate of change of the contaminant in a compartment is a product of its total content and a specific TRC. Each TRC has a unit of reciprocal time. In this paper, all TRC values are in units of per day (i.e., 24-h). For an acute single plutonium uptake in the central blood compartment, the initial value (i.e., when t = 0) for the central compartment is unity (1) and those for all peripheral compartments are zeros (0), respectively; e.g. R 1 (0) = 1 and R i (0) = 0, where the subscript i = 2, 3, M.
Proposed Model for Assessing Plutonium Content in Feces Fig. 2 shows a customized Mammillary model with four compartments, which we propose for simulating plutonium behavior in the human body. Compartment 1 represents plutonium in the blood and systemic body fluids; Compartment 2 represents the liver; Compartment 3 represents the bone; and Compartment 4 represents other soft tissues. The number of the compartments can be increased or decreased according to the application; we assumed that there are only two direct excretion pathways in the model; urine excretion in Compartment 1, and liver-bile secretion, which is excreted in the feces in Compartment 2. The rates of excretion are represented by ∃ 1 for urinary excretion, and ∃ 2 for liver-bile secretion. The liver-bile secretion directly influences the plutonium content in the feces. Because this model is specifically designed to incorporate the excretion of plutonium from the liver compartment to feces, the model shown in Fig. 2 is accordingly named the Hepatic model (Sun 1987) . Based on the principle of degrees of freedom, all TRC values associated with the Hepatic model are identifiable (Landaw et al. 1984; Jacquez 1985; Nathanson et al. 1984) , i.e., the k i, j and ∃ j values can be solved by using the A j and ( j values of R(t). The inverse algorithm has been developed and is shown in Section (3), Appendix A.
Systemic Whole-Body and Compartmental Retention Functions
For most chemical elements, SWBRFs are available for dose assessments such as in ICRP Publication 30 (1978) , Publication 56 (1990 ( ), Publication 67 (1994 , and the urinary and fecal excretion-functions in ICRP Publication 10 (1967). But there rarely exists a physiological model with TRC values, which can be used to simultaneously compute the retention and excretion functions including the fecal part of the model. Therefore, it is highly desirable to use the available SWBRFs to obtain the exact same initial SWBRF, while providing identifiable TRC values.
With a multiple-compartmental analysis, Leggett (1984 Leggett ( , 1985 reported the following fourexponential terms plutonium SWBRF for adults:
where ( i are eigenvalues for the exponential terms. The ( 1 , ( 2 , ( 3 , and ( 4 are 0.693, 0.03, 0.0028, and 0.00012, respectively, in units of reciprocal days. In the other words, the product of ( 1 and t is a unitless quantity. Because eqn (1) is a four-term exponential function, it is possible to calculate TRC values specifically for a fourcompartment Hepatic model. The central compartment was assigned to systemic body fluid and the three peripheral compartments were respectively assigned to bone, liver, and all other soft tissues. Using the algorithm described in Appendix A, the TRC values for the model were calculated and are listed in Table 1 . The TRC values with four significant digits are showing the computational accuracy and associated round off errors were calculated by using Fortran language program (Sun 1987 ).
According to the above dissertation, since Compartment 2 was identified with the liver, during the iterative computation, it was desired that the condition of ∆ 4 >∆ 2 >∆ 3 should accordingly be met at all time, where ∆ i are products of TRCs from the central to the ith peripheral compartment and from ith to the central compartment. One may note that when ∃ 2 = 0, the mathematics for solving the Hepatic model can be simplified because the ∆ 4 >∆ 2 >∆ 3 condition will no longer be needed. In the other words, this is a special case for the Hepatic model, when no excretion other than directly from the central compartment is assumed. Bernard (1973) used the simplified case in developing a metabolic model for lead contamination in humans and Skrable et al. (1987) also in deriving plutonium pseudo-systemic retention functions, respectively.
The four compartment retention functions, which were calculated by using eqn (A2) in Appendix A are: 
We added all the above four compartment functions and obtained a total SWBRF:
In theory, eqn (1) and eqn (6) shall be identical. Table 1 The TRC values calculated from Eqn (3).
The four compartmental functions, eqns (2)- (5), are plotted in Fig. 3 for comparison over a 0.1-to 1,000-d interval. The results are very encouraging: For a single acute uptake, the blood retention function, R 1 (t), decreases rapidly in time. The liver retention function, R 2 (t), peaks at about 100-d post-uptake and slowly declines. The bone retention function, R 3 (t), shows a rapid initial increase and no indication of decline even after 1,000-d. Finally in the all other soft tissues retention function, R 4 (t), rises and drops within a few days of uptake. All of these behaviors are consistent with observed behavior of plutonium in the respective organs. Eqn (2) has been applied to plutonium blood bioassay (Sun 1997 ) and the estimated retention from the blood samples was well agreed with that from urine (Hui et al. 1997 ).
Urinary-and Fecal-Excretion Functions
Resulting from the first order linear kinetic assumptions, the amount of plutonium excreted in urine can be considered proportional to its concentration in the blood, and the amount excreted in feces proportional to its concentration in the liver. Hence, the urinary excretion rate function is simply a product of R 1 ∃ 1 , and the fecal excretion function is a product of R 2 ∃ 2 . However, the bile-secretion in the body is neither a continuous steady-state process nor a uniform distribution of plutonium in the liver (Steimer et al. 1981; Plusquellec 1983) . Further, physiological observation indicates that a large amount of systemic fluid enters the upper part of the small intestine and is recycled as the enterohepatic circulation (Chen and Gross 1979) . The unabsorbed plutonium carried in the fluid, which is expected to be excreted from the central compartment, enters the GI tract and is eliminated through it to the feces. To separate either the urinary or fecal excretion part from a total excretion function is not that simple unless a model with the physiologically descriptive excretion pathway(s) is carefully designed and the corresponding parameter values are well defined. Hence, based on the mass balance in the total elimination pathways, the urinary U(t) and fecal F(t) excretion-rate functions can be rearranged according to individual's health status. Therefore, they are: and, where ., a branching constant, is the fraction of contaminant from the central compartment found in the feces that was supposed to occur in the urine. The initial conditions for U(0) and F(0) become (1-.) ∃ 1 and . ∃ 1 , respectively. If . = 0, no modifications are required for the model to generate U(t) and F(t). According to eqn (8), the fecal excretion is the sum of the plutonium in the secreted liver bile and in the unabsorbed systemic body fluid. A value for . could be determined from designed measurements of a single individual or from a cohort population. 
RESULTS AND DISCUSSIONS Prediction of Urinary and Fecal Excretion Rates
According to Leggett=s (1984; plutonium systemic retention-excretion model, he reported that 2.4% of the integrated activity in blood may be removed each day in feces. The . parameter in eqns (7) and (8) could use the suggested value of 0.024. Then, our predicted urinary-excretion rate will be reduced from 1.0 to 0.976, while fecal-excretion rate increased due to the contribution from the blood. In the present study, an ideal condition was assumed and a value of zero for . was used to calculate the urinary-and fecal-excretion functions.
In any cases, the . value could change with time and the value should be determined after considering the water content of each fecal specimen. Hence, solving the system of the first-order differential equations by using values from Table 1 , a set of equations consisting of a urinary excretion function U(t) and the fecal excretion function F(t) was calculated:
where time, t, is in days. It is noteworthy that because eqns (9) and (10) were calculated from eqn (1), the eigenvalues, ( i , in all three equations am identical for each term.
The estimated values from eqn (9) were compared with the values calculated by the Jones=s and Amodified Langham@ (Leggett and Eckerman 1987) plutonium urinary-excretion functions in Table 1 and Fig. 4 . The predicted values from the three urinary excretion functions are overall in good agreement. About 100-d after a unit acute uptake, the rates predicted from eqn (9) are close to the values from the other two urinary excretion functions. Between 100-and 1,000-d, the predicted values from eqn (9) provide a more conservative protection factor for interpreting urine data than the other two functions. Finally, the values predicted from eqn (9) and those from Jones=s (1985) are consistent between 1,000-to 10,000-d.
Retention functions are normally obtained from activity measurements in organs and tissues, contrasting to those from the excretion functions, which can be derived from the regression analysis of repeated urine bioassay data. For example, eqn (1) was reported by Leggett along with a multi-compartmental analysis with effective removal rate constants derived from laboratory data for animals or humans. On the other hand, Jones=s (1985) plutonium urinary excretion function was obtained from a statistical and curve-fitting analyses of human urine data. We have derived eqn (9) from eqn (1) based on the analysis of the Hepatic model. The prediction by eqn (9) is well agreed with that by Jones=s over a 10,000-d period (Sun 1987) .
The same technique used by Leggett and Eckerman (1987) to obtain the Amodified -Langham@ urinary-excretion function was used to derive a "modified-Langham@ fecal excretion function (Langham 1956 ). The latter function, with a value of k = 0.04, is plotted as the dotted line along with eqn (10) and shown in Fig. 5 . It is not significantly different from the original function over the first 100 days. After that period, the modified function departs from the original function exponentially with time. In Fig. 5 , the solid line indicates that eqn (10) slowly increases and peaks at about 100-d, then slowly decreases. It crosses Langham's function at about 80-d, and merges with Langham's modified function 1,000-to 10,000-d after the intake.
Again, because . = 0 was used, eqn (10) solely describes the plutonium excreted in the feces via the GI-tract pathway. The values calculated with eqn (10) were plotted with the values obtained by Langham=s function in Fig. 5 . The difference between the two equations is marked; Langham's fecal excretion function is a monotonically decreasing power function, while eqn (10) is not. Theoretically, however, a function that would yield an increasing and then decreasing excretion would be needed to describe fecal excretion via the liver biliary pathway.
According to Langham=s reported excretion functions, the plutonium content in the feces was about three times more than that in 24-h urine samples for the first few days. The extrapolated urine to fecal ratio (U:F) can vary from 0.37 to 10 over a 30-y interval. Durbin=s (1972) animal experiments and her examination of the fecal plutonium excretion related to the patient's medical status indicated that plutonium excretion in the feces of healthy individuals should be slightly higher than that for Langham's patients. Durbin urinary and fecal excretion is about equal by the end of the second week and the U:F ratio increases to 1.5 at about 100-d (ibid.). The . value changes depending on the water content of the fecal specimen day-by-day and this value influences the U:F ratio. Therefore, the ratio must be determined from the daily urinary and fecal specimens.
Both Leggett=s (1984; 1985) SWBRF and Jones=s (1985) urinary excretion function are timedependent functions with four exponential terms. Because the total excretion function was defined as the first derivative of the SWBRF with time and as a sum of the urinary-and fecal-excretion functions, both functions should have four exponential terms with eigenvalues identical to those of Leggett=s SWBRF. Although the eigenvalues in the fecal function that we derived from Leggett=s SWBRF are not identical to those of Jones=s, both Sun=s and Jones=s urinary function predict the same excretion values after 1000-d of an intake. Therefore, if both Leggett=s and Jones=s functions are acknowledged as a realistic SWBRF and urinary excretion function, respectively, then this fact indirectly supports our contention that fecal function, which we derived, should also be acknowledged as a physiologically realistic function. In the meantime, Jones=s urinary function was analyzed by the pseudo SWBRF for estimating intakes from urine data. The pseudo-constant fraction (f u ) of the systemic content (Skrable et al. 1987) that is excreted by the urinary pathway is about 60% (f u = 0.573) which supports the idea of . value in eqns (7) and (8).
CONCLUSIONS AND RECOMMENDATIONS
The Hepatic model is a generalized physiological model for studying plutonium metabolism in humans. The model can be rapidly solved with first order kinetics and provides a set of multi-term exponential equations (Birchal and James 1989). The number of exponential terms in the solution is equal to the number of compartments used in the model. The eigenvalues in the solution are real, non-zero, and distinct. The sum of these eigenvalues equals the sum of TRC values in the model.
The Hepatic model has a unique, identifiable property in which a set of meaningful TRC values for the model can be derived from a SWBRF. If the calculated TRC values can be verified or confirmed by data from appropriate laboratory animals or humans such as done by some investigators (Kathren and McInroy 1991) , confidence in the retention or excretion functions could be increased.
The Hepatic model is constructed based on liver-bile secretion in the body. From applications point of view, the rigorous mathematics described in this paper can be adapted for assessing fecal elimination and evaluating the consistency between retention and excretion functions for other radionuclides. A minor configuration or pathways modification, the model can be customized to study other chemical elements in humans. Furthermore, the Hepatic model can be combined with ICRP=s recommended lung models (ICRP 1978; to develop a new approach for studying transport phenomena of a contaminant in the enterohepatic circulation.
The Hepatic model can be used to assess the committed dose equivalent for an organ and tissue (Sun 1987) . The expected transformation of a radioelement in a compartment over the time interval from zero to t is the acute radioelement uptake in the blood at time zero multiplied by the integration of the radioelement=s expected retention function in the compartment at time t. Using the corresponding specific effective energy (SEE) values under the 239 Pu decay series in ICRP Publication 30 (1979), we can calculate the committed dose equivalent for a specific target organ or tissue from the acute uptake of unit activity of 239 Pu over a period of time using the organ and tissues compartment=s retention function, R i (t). (9) Jones (1985) Durbin (1972) Leggett-Eckerman (1987) 10 100 1,000 1 10,000 Fig. 3 . The disposition of an acute intake of plutonium in blood, liver, skeleton, and other soft tissues over time, based on Eqn (3), the Leggett=s plutonium systemic whole-body retention function, using the Hepatic model Fig. 4 . A comparison of two well-established plutonium urinary-excretion functions (Leggett, 1984; Jones, 1985) with one produced with the proposed hepatic model. For mathematical simplicity, a contaminant entering all compartments is assumed to be instantaneously mixed and uniformly distributed. The rate of mass accumulation in a compartment is equal to the rate of mass input less the rate of mass output. Then, the differential equation describing the pulse-injected contaminant in the central compartment R 1 (t) for Fig.1 is: where RΝ 1 (t) / dR 1 /dt and * (0) represents a delta function describing a unit pulse input, i.e., per unit acute uptake, at time t = 0. The numerical constant M is the total number of compartments. The 6 n,1 represents the fraction of contaminant transported per unit time from Compartment 1 to any of the peripheral compartments n. Accordingly, k 1,n is the TRC for a contaminant transported from compartment n to Compartment 1. A generalized mass-balance differential equation for each peripheral compartment is:
where the total removal rate constant for the compartment, k n, is defined as:
The ∃ n represents direct excretion from the nth compartment, whereas k n,1 and k 1,n represent a recycling mechanism between the central and nth peripheral compartment, respectively. Note that all TRC values are vector quantity associated with a flow direction.
(2) Laplace Transformations Let Z n (s) be the transfer function obtained by taking the Laplace transform of a compartmental retention function, R n (t), which is defined as the quotient of the content of a compartment at time, s, over the content of the central compartment. The transfer function obtained from eqn (A2) is expressed as:
Further, we can combine eqn (A4) with the Laplace transform of eqn (A1) to obtain: where ∆ n / k 1,n Η k n,1 , i.e., the product of a pair of TRCs. For any mammillary model, eqns (A4) and (A5) are the most generalized transfer functions for the peripheral compartments and the central compartment (Anderson 1984; Landaw et al. 1984) , respectively. The final solutions of a system of M-exponential terms functions, which has M unique real, non-zero and positive, values can be expressed as:
(3) Principle of Degree of Freedom and Equations Solving Based on the principle of degrees of freedom, all TRC values associated with the Hepatic model are identifiable, i.e., the k i,j and ∃ j values can be solved by using the A j and ( j values of R(t). This solving technique is called the inverse problem (Jacquez 1985) . We developed an inverse algorithm in four steps for an Mcompartment Hepatic model. I. From eqn (A6), ∀ 1,1 (the first exponential term coefficient of R 1 (t)) should be proportional to A 1 (the first exponential term coefficient of R(t)). Let ν 1 be the proportionality constants of ∀ 1,1 to A 1 and let [ν] be the matrix notation of ν values. Then, the relationship for the coefficients R 1 (t) and the R(t) can be expressed:
and n is a numerical index from 1 through M for the number of the exponential terms in the SWBRF. In practice, the [ν] matrix values consist of a set of M "real and positive" constants.
II. Using eqn (A7), the transfer function for the central compartment Z 1 (s) also can be expressed as a ratio of two polynomials:
III. Both eqns (A5) and (A8) are formulas for Z 1 (s), and must, therefore, be numerically equal. Furthermore, the polynomial in the numerator of eqn (A5) should be equal to that of eqn (A8). Hence, the k j parameter values for peripheral compartments (j 1) can be identified as follows:
IV. Similarly, by equating the denominator functions of eqns (A5) and (A8), the following equation is obtained: Because the k i values have been found by using eqn (A9), ∆ j and k 1 are the only unknowns that remain in eqn (A10). A set of M independent linear functions can be generated by substituting each ( n (root) repeatedly. Then, the values of ∆ j and k 1 can be obtained by solving a set of M-equations simultaneously.
(4) Iterative and Converge Technique
To solve the system, an iterative technique must be used until a set of ν values is established which satisfies the following mass balance equation:
Eqn (8) shows that the negative derivative of a SWBRF, which gives the total excretion rate per unit time, is equal to the sum of excretion rates from the two elimination pathways (urine and feces). 
